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Abstract

A viscous vortex particle method is presented for computing the fluid dynamics of two-dimensional rigid bodies in
motion. The Navier–Stokes equations are solved using a fractional step procedure. Smooth particles carry vorticity and
exchange strength to account for convection and viscous diffusion. The spurious slip resulting from this half-step is iden-
tified with a surface vortex sheet, and the slip is eliminated by diffusing the sheet to adjacent particles. Particles are
remeshed every few time steps to a Cartesian grid with a ‘body-ignorant’ interpolation using simple symmetric stencils.
Kelvin’s circulation theorem remains enforced by accounting for the circulation leaked into the body during this proce-
dure, and redistributing it to the particles in the subsequent sheet diffusion. The stability and convergence with respect
to numerical parameters are explored in detail, with particular focus on the residual slip velocity. The method is applied
to two problems that demonstrate its utility for investigating biological locomotion: a flapping elliptical wing with hovering
insect kinematics, with good agreement of forces with previous simulations and experiments; and a three-linkage ‘fish’
undergoing undulatory mechanics.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The interaction of a fluid with a complex moving boundary arises frequently in mechanics, particularly in
natural and biological systems: insect flight, aquatic locomotion, cardiopulmonary flows, flows through the
human vocal tract, and countless others. Investigations are enhanced greatly by a complementary computa-
tional effort, particularly because of the difficulty of obtaining in vivo flow measurements in these systems.
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However, conventional computational approaches that rely on body-conforming grids are challenged by such
evolving geometries. It is useful, then, to seek an alternative numerical methodology that is more naturally
suited to such problems.

In this work, we are primarily motivated by investigations of the biological mechanics of mobility, such as
used by insects, aquatic animals and bioinspired technological systems, in a moderate Reynolds number flow
regime. Viscous and inertial processes are both important in these forms of locomotion, and vortex shedding
plays a fundamental role. A complete solution of the fluid dynamics of such problems requires a three-dimen-
sional unsteady simulation, fully coupled with a solution of the elastically deforming body. Therefore, the
numerical approach taken must be capable of such challenging requirements. This paper, which demonstrates
the use of the viscous vortex particle method, represents a first step towards this goal: the analysis of two-
dimensional rigid bodies in motion. By focusing on the creation and subsequent transport and diffusion of
vorticity, this method provides a unique perspective and a useful alternative to other velocity-based numerical
methodologies. The velocity field is recovered from vorticity-bearing particles by the Biot–Savart integral, so
boundary conditions at infinity are automatically enforced. The method possesses an inherent economy in the
number of computational elements since vorticity is generally confined to regions near the bodies and in their
wake. Though the focus of this present work is on two-dimensional rigid bodies, the method will be extended
to deformable and three-dimensional problems in later work.

Compared to the rich history of experimental investigation of insect flight and aquatic locomotion, com-
putational studies have only recently reached maturity. As is common with complex physical systems, research
in this field has focused on progressively more difficult ‘building-block’ problems to advance the state of
knowledge. For example, much has been learned from the basic flow produced by the pitching and plunging
of a two-dimensional rigid foil, which may be representative of a section of a high aspect ratio wing. In this
system, the time-varying translational velocity and angle of attack can be imposed via the free-stream velocity,
allowing a stationary, body-fitted computational grid. This approach was taken by Gustafson and Leben [1],
and more recently by Wang [2].

Several computational studies of greater complexity have also relied on a traditional body-fitted grid meth-
odology. Sun and Tang [3] used a time-dependent, body-conforming grid to obtain a three-dimensional solu-
tion for the flow around a fruitfly wing, to compare with the mechanical wing measurements of Dickinson,
Lehmann and Sane [4]. The Navier–Stokes equations, expressed in an inertial Cartesian coordinate system,
were transformed to a body-fitted curvilinear system using a mapping that varied with time as the wing con-
figuration changed. A similar approach was used by Liu and Kawachi [5] to investigate the aerodynamics
around the wing of a hawkmoth, and compare with delayed stall experimental results [6]. A hawkmoth wing
consists of fore and hind portions attached along a common axis, and an allowance for changes in the relative
angle-of-attack between these portions presented an additional challenge for the grid algorithm. Numerical
studies of the fruitfly wing were also conducted by Ramamurti and Sandberg [7], using a finite element solu-
tion of the governing equations in arbitrary Lagrangian–Eulerian (ALE) formulation. The ALE approach
allows the near-wing grid to move as the wing does, but remeshing is still required to eliminate badly distorted
elements.

Though such body-fitted approaches allow a direct enforcement of the boundary conditions, the grid gen-
eration is challenging, particularly for the large motions and deformations characteristic of insect flight. Thus,
methods in which the boundary is immersed in a regular Cartesian grid have been a particularly active area of
research. In these methods, the effect of the boundary is either imposed directly—via interpolation of the sur-
face velocities to nearby grid points—or indirectly, through some sort of singularity distribution (such as forc-
ing terms or a vortex sheet). In the context of insect flight, both artifices have been used. The finite volume
approach developed by Udaykumar and Mittal and coworkers [8,9] is an example of a direct Cartesian grid
method, in which cells near the interface are cut to enforce a sharp boundary. The method has been used to
solve for the fluid motion produced by a pair of two-dimensional flapping wings [10]. A notable example of an
indirect approach is the immersed boundary method of Peskin and coworker [11,12], wherein an elastic
boundary is represented by the singular distribution of forces it applies to the fluid. The singularity is
smoothed in order to transfer its effect from the boundary to the grid. Beyond its extensive use in heart
mechanics, the method has been applied to swimming organisms [13], and recently to insect hovering [14].
Hybrid methods that exploit the advantages of a sharp interface and the convenience of a fixed grid have been
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developed by Mohd-Yusof and coworkers [15,16] and Gilmanov and Sotiropoulos [17]. The latter investiga-
tors report excellent agreement in the forces on a three-dimensional flapping wing with the experiments of
Birch and Dickinson [18].

Russell and Wang [19] have recently developed a Cartesian grid method that utilizes a vorticity–stream-
function formulation. Though it is not possible to impose both the no-throughflow and no-slip conditions
directly in this approach, a streamfunction field can be found that satisfies the first condition, and no-slip
enforced by generating an appropriate amount of vorticity [20]. In [19], a Poisson equation is solved for
the streamfunction that accounts for its jump on the boundary; an approach that is similar in spirit is used
in the present work, using particles in lieu of a grid.

Particle-based computational methods provide a distinct perspective from such grid-based schemes. Vor-
tex particle methods, in particular, have been used extensively for inviscid simulations of aerodynamics
when supplemented with a Kutta condition at a well-defined separation point (see the review of [21]). Their
range of utility has been extended in the past fifteen years to direct numerical simulation of viscous wall-
bounded flows by appealing to the physical mechanism of vorticity generation at a no-slip surface (see
Koumoutsakos [22] and references therein). Among the methods developed, the primary differences in
implementation are in the treatment of viscous processes—both in how vorticity is created at the body sur-
face and how it is fluxed into the fluid. Koumoutsakos, Leonard and Pépin [23] developed an approach that
embodies the Lighthill creation mechanism: spurious slip on the body surface is manifested in a vortex
sheet, and this sheet subsequently diffuses into the flow to enforce the no-slip condition. Viscous diffusion
within the fluid is treated with the method of particle strength exchange [24]. Some refinement to this meth-
odology has been made in later work by Ploumhans and Winckelmans [25] and Cottet, Koumoutsakos, and
Salihi [26]. In both [23,25], emphasis was placed on particle configurations that conformed to the body sur-
face with body-fitted interpolation stencils. In recent work, investigators have explicitly identified the
immersed boundary principle that is inherent in the vorticity flux mechanism [27,22]. Indeed, the vorticity
flux serves a role similar to the distributed forces that enforce no-slip in immersed boundary methods, and
an alternative approach has been developed in which such a forcing term is added directly to the vorticity
equation [27].

The present method will utilize the vorticity creation, convection and diffusion techniques of Koumoutsa-
kos, Leonard and Pépin [23] and Ploumhans and Winckelmans [25]. The distinction of the present approach,
however, is its retention of a simplified particle treatment near the boundary. This approach is similar to the
vortex-in-cell method recently developed by Cottet and Poncet [27] in terms of its use of symmetric interpo-
lation stencils. Both methods rely on the self-correcting aspect of the vorticity flux within the fractional-step
methodology. In the present method, each body is arbitrarily situated relative to an initially Cartesian arrange-
ment of particles. When the particle configuration must be remeshed, the interpolation of the old strengths to
the new particles is carried out everywhere with the same symmetric stencils; the consequent leakage of particle
strength into the body and the creation of spurious slip at the boundary are simply compensated for with addi-
tional vorticity flux immediately after the remeshing.

The numerical methodology and implementation, including the enforcement of boundary conditions and
the particle remeshing procedure, are described in Section 2. Some further discretization details are included
in Appendix A. The choice of numerical parameters is discussed in detail in Section 3, and the convergence of
the residual slip on the boundary, after the vortex sheet diffusion, is analyzed in this section. The results from
applying the method to two model problems—a single flapping wing with hovering insect kinematics, with
comparison with numerical and experimental results from Wang, Birch and Dickinson [28], and the prescribed
undulatory motion of a three-linkage fish (inspired by the recent inviscid analysis of aquatic locomotion by
Kanso et al. [29])—are presented in Section 4, and discussed in detail.

2. Numerical methodology

The present implementation of the viscous vortex particle method (VVPM) is described in moderate detail
in this section. Further mathematical details of many aspects of the basic methodology can be found in [30].
Consider a set of two-dimensional rigid bodies, j = 1, . . . ,Nb, with respective translational velocity Uj and
angular velocity Xj (about centroid Xj). The region occupied by body j is denoted by Aj, and the external
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Fig. 1. The extended vorticity field.
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region occupied by the fluid is denoted by Af . Thus, the whole space can be regarded as R2 ¼Af
SNb

j¼1Aj,
with the boundary of each region denoted by Sj (see Fig. 1).

In the vortex particle method, the Navier–Stokes equations are discretized by Nv regularized particles, or
blobs, of vorticity. The particles are initially arranged on a Cartesian grid with uniform spacing Dx. Each blob
is represented by a second-order-accurate Gaussian cutoff function, evaluated efficiently from a look-up table.
The positions and strengths of the particles evolve according to the discretized convection and diffusion oper-
ations in the Navier–Stokes equations, respectively. The velocity field is composed, through the Biot–Savart
integral, of contributions from vorticity in the fluid region, contained inside each body, 2Xj, and bound to the
vortex sheet lying on each surface; in addition, an arbitrary potential flow can always be included (for exam-
ple, a uniform flow, U1). A fast adaptive multipole method [31] is used to accelerate the Biot–Savart velocity
field calculation to O(Nv). Other components of the method, involving panel–panel and panel–particle inter-
actions, are similarly accelerated. The technique of particle strength exchange (PSE) [24,32] with a second-
order-accurate kernel is used to treat viscous diffusion within the flow.

2.1. Vorticity creation and the no-slip condition

In the impulsive start of a body, with zero initial vorticity in Af , the kinematic condition of no through-
flow furnishes the strength, c, of a vortex sheet that represents the spurious slip on the body surface. An inte-
gral equation for the vortex sheet strength is formed by matching the tangential component of the Biot–Savart
velocity, evaluated on the body side of the sheet, with that of the local body velocity. For rigid bodies, the local
velocity on body i is ub(x) = Ui + Xi · (x � Xi). The spurious slip velocity can be removed by fluxing the vor-
tex sheet off the surface and into Af , so that continuity of the tangent component is thereby satisfied on the
fluid side of the surface [33,34].

The vorticity flux process must be carried out in respect of Kelvin’s circulation theorem, which provides a
constraint on the total sheet strength to be solved for each body,
I

Sj

cðsÞds ¼ �2AjðXjðt þ DtÞ � XjðtÞÞ þ Clost;j: ð1Þ
The additional term, Clost,j, is used to correct for circulation leaked into the body during the particle reme-
shing, to be described in Section 2.2. The integral equation for the vortex sheet strengths is solved by discret-
izing the surface integrals using Np linear panels with piecewise constant strengths. The resulting Np equations,
together with the Nb constraints, are solved in a least-squares sense. The details of this solution procedure are
explained in Appendix A.

The vortex sheet is diffused into the fluid with the Neumann boundary condition �mox/on = c/Dt, where
the normal direction is into the fluid. The present method utilizes a semi-analytical scheme developed by Leon-
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ard et al. [35], in which the vorticity fluxed over a time increment [0,Dt] from a flat panel is parceled to adjacent
particles. A correction is added to each particle in the vicinity of the panel to ensure strict conservation of the
distributed panel strength [25].
2.2. Body-ignorant particle remeshing

Particles are occasionally ‘remeshed’ to a new set of particles in a uniform Cartesian configuration, in order
to preserve the overall accuracy of the numerical method and allow a tunable control of the particle popula-
tion growth. In this work, this procedure is carried out at uniform time increments, Dtr, using the fourth-
order-accurate M 0

4 kernel originally developed for use in smoothed particle hydrodynamics [36]. The stencil
of this kernel is four particles wide, with the original particle falling inside the second and third positions.
The multi-dimensional kernel is constructed as a Cartesian product of the one-dimensional forms.

The presence of a body introduces some ambiguity to this interpolation procedure. Particles within one or
two particle spacings from a body surface do not have a complete set of new particles within their stencil, and
therefore the straightforward use of the symmetric kernel will effectively leak circulation into the body. Koum-
outsakos and Shiels [37] and Ploumhans and Winckelmans [25] used specially-tailored kernels in the body
vicinity to avoid such leakage; such special treatment was necessary in the flat plate simulations of [37].

In the present work we adopt a ‘body-ignorant’ strategy: the symmetric kernel is used everywhere to inter-
polate the strength of all particles onto the new set. The circulation leaked into each body during this process,
Clost,j, is accounted for by adding the particle strengths interpolated to all stencil locations inside that body.
This leaked circulation is used in the constraint (1) imposed on the vortex sheet solution immediately following
this remeshing. Kelvin’s circulation theorem is thereby enforced when this sheet is subsequently diffused to the
new particles. Though the locally leaked circulation is redistributed by this procedure to a larger region sur-
rounding the body, the vorticity flux removes any spurious slip associated with this redistribution. This will be
verified by convergence testing in Section 3.

The growth of the number of computational particles is controlled in two stages within the remeshing
process:

(1) New particles are only created from interpolation stencils of old particles, and only those outside of
bodies are kept.

(2) A ‘trimming’ procedure is used after remeshing to eliminate any new particle that satisfies all of the fol-
lowing criteria:

� The particle’s strength (scaled by viscosity) is below a given threshold, |Cp|/m < �trim.
� The strengths of all particles within a viscous radius, Rm ¼ 2Cv

ffiffiffiffiffiffiffiffiffi
mDtr

p
, are below the same threshold.

� The particle is not within Rm of any body.
This trimming procedure is carefully tailored to provide layers of zero strength particles at the periphery of
the particle-covered region, as well as adjacent to each body. New particles that are within a distance CgDx of
a body are treated as lying inside the body and eliminated to avoid problems with panel and particle singu-
larities becoming too near each other. The factor Cg is set at 0.5, though the effect of this choice on residual
slip will be explored in Section 3. The trimming threshold, �trim, is generally chosen to be 3 · 10�3 or smaller;
this choice will be evaluated in a specific problem in Section 4.1. The results are insensitive to the viscous
radius provided Cv > 1; a value of 2.5 is used throughout this work.
2.3. Calculation of forces

Vorticity-based numerical methods for incompressible flow focus on the vorticity transport equation rather
than the velocity–pressure form of the Navier–Stokes equations, so pressure is generally not computed. Thus,
the calculation of aerodynamic forces and moments must rely on alternative expressions. Surface integrals for
the pressure are reformulated in terms of vorticity flux through use of the local momentum equation. The force
on body j is
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Ff
j ¼ l

I
Sj

ðxsðsÞ � X jÞ�
ox

on
ðsÞ � nðsÞ � xðsÞ

� �
dsþ qAj

_U j: ð2Þ
As before, n is the local normal vector pointing into Af , and l is the dynamic viscosity of the fluid. The first
term in the integral, together with the final inertial term, account for the effect of pressure; the second term
represents the effect of the viscous shear stress. This formula has also been used in vortex particle methods
by Koumoutsakos [38] and, in slightly different form, in the vorticity-based Cartesian grid method of Russell
and Wang [19]. A similar derivation leads to a formula for the aerodynamic moment on j about the fixed
origin,
Mf
j

��
0
¼ l

I
Sj

xsðsÞ �
1

2
xsðsÞ �

ox

on
ðsÞ � nðsÞ � xðsÞ

� �� �
� ez ds� 4lAjXj þ q _XjðjX jj2Aj þ 2BjÞ

þ qAjðX j � _U jÞ � ez; ð3Þ
where Bj is the second area moment of body j. These surface integrals are discretized using the same panels
employed elsewhere in the numerical method. The vorticity at a panel centroid is computed by evaluating
the streamfunction field—contributed by the non-regularized vortex particles, body vorticity, and uniform
flow—at a set of points arranged uniformly along the normal direction from the centroid. The normal deriv-
ative of the vorticity is replaced with the vortex sheet strength using �ox/on = c/Dt. The vorticity flux contains
an unphysical component to account for leaked circulation in remeshing steps; therefore, the force is only
computed after non-remeshed steps.

3. Convergence and parameter choices

Numerical studies are conducted in this section to characterize the effect of the simplified body treatment of
the method. These studies are used to examine the stability and rate of convergence with respect to numerical
parameters, particularly the particle spacing, Dx, and time-step size, Dt. The influence of the particle-surface
interaction is most clearly observable in the residual slip, the mismatch of tangential velocity between the body
and the fluid after the incremental vortex sheet has been diffused. In order to explore this feature in a rather
challenging example, the target of study of this section is an impulsive flow of velocity V past a 10:1 ellipse,
normal to its major axis. The Reynolds number is 200, based on the length of the major axis, c. Two aspects of
this problem serve as trouble spots for the VVPM (as well as other immersed boundary methods): the small
radius of curvature of the edge of the body (which, in this ellipse, is a/100, where a is the semimajor axis, a = c/
2), and the non-uniform distance of particles from the body. The latter aspect proves most troublesome in
regions where the boundary slope is slight compared with the Cartesian axes, where the particles have a
‘stair-step’ configuration.

The surface of the ellipse is discretized with Np variably-sized panels, using a stretched circle parameteriza-
tion (xp,yp) = (acos/p,b sin/p), where b is the semiminor axis, and /p is uniformly distributed between 0 and
2p. The panel sizes are given by the Jacobian,
Dsp ¼
2p
N p

ða2 sin2 /p þ b2 cos2 /pÞ
1=2
; ð4Þ
so the ratio of largest to smallest panel size is a/b. Error is quantified here with the L2 and L1 norms of the
residual slip velocity on the body surface, normalized by the slip that exists at the instant of impulsive motion
(prior to initial vorticity creation),
es;n ¼
jjDuslipjjn
jjDu0

slipjjn
; ð5Þ
where n is either 2 or1. The discrete L2 norm is weighted by the panel sizes and divided by the perimeter. For
the motion considered here, it can be shown that the initial slip is
Du0
slipð/Þ ¼ c0ð/Þ ¼ V ðaþ bÞða2 sin2 /þ b2 cos2 /Þ�1=2 cos /; ð6Þ
so for a/b = 10, jjDu0
slipjj2 ¼ 1:7954 and jjDu0

slipjj1 ¼ 11.
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The parameters explored in this section are the particle spacing, Dx; the time step size, Dt; the remeshing
interval, Dtr; the number of panels, Np; and the fractional gap between particles and body, Cg. The effect
of the fractional gap, Cg, can be seen in Fig. 2, which depicts es,1 after 80 time steps, for Dx/c = 10�3 and
VDt/c = 10�4. The residual slip remains relatively insensitive to this gap when it is below half of one particle
spacing. However, the error drops significantly when Cg = 0.5, and then rises gradually beyond this gap size.
For the remainder of the simulations, the fractional gap size is held at Cg = 0.5.

As with other numerical methods, stability requires an upper bound on the diffusion parameter, mDt/Dx2,
determined by the particular time integration scheme used. It is important to note that the vorticity creation
process of the VVPM implies a lower bound on this parameter, as well. The temporal boundary layer of thick-
ness �

ffiffiffiffiffiffiffiffiffiffi
4mDt
p

created during each time step must extend beyond at least one particle spacing. When this layer
is too thin, the transfer of vorticity from each panel to the neighboring particles is dominated by the correction
to the sheet diffusion and the simulation becomes unstable. Thus, the time step size is restricted from above
and below by these diffusion bounds,
Fi
Dmin < mDt=Dx2 < Dmax: ð7Þ

The value of Dmin depends on the geometry of the body and the panel discretization. In the case of the 10:1
ellipse, for example, the instability begins in the region depicted in Fig. 3, where particles are arranged in shal-
low stair-steps relative to the body. As evident in the case shown, the instability wavenumber is approximately
the Nyquist frequency of the panels in that region. As the panel resolution increases, the value of Dmin de-
creases, but this decrease levels off at around 0.1 as the size of the largest panels approaches the particle spac-
ing, Dx/Dsmaxƒ1. This occurs when NpDx/c = p with the panel discretization of Eq. (4). In practice, setting
Dmin = 0.2 and Dmax = 1.2, with NpDx/c > 1.5 (i.e. the size of the largest panel is less than twice the particle
spacing) has led to stable results in all cases, using either fourth-order or second-order Runge–Kutta time
integration.

It is important to note that the diffusion restrictions on Dt must be considered in tandem with the upper
bound on the remeshing interval, Dtr, which is dictated by its dual requirements: the maintenance of sufficient
overlap of particles and the introduction of new layers of zero-strength particles to allow the diffusion front to
progress. The latter requirement introduces another diffusion parameter restriction,
mDtr=Dx2 < Dr;max: ð8Þ

When Dtr exceeds this bound, vorticity tends to become artificially confined at the particle periphery; since
PSE is conservative, no circulation is lost. Provided that the particle Reynolds number, Rep = |x|maxDx2/m,
is of order unity—as needed for a well-resolved simulation [25]—then convective and diffusive processes are
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g. 2. Normalized L1 norm of residual slip versus the fractional gap between particles and body surface, after 80 time steps.
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Fig. 3. Example of instability. Vorticity contours, panel centerpoints, and particles in the region depicted by the box, for mDt/Dx2 = 0.125
and NpDx/c = 1.2.
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locally in balance. Thus, the maintenance of overlap and the rate of introduction of new zero-strength particles
can be simultaneously achieved with the same remeshing interval. Remeshing every 4–6 time steps has been
found to be sufficient.

The time step size can only vary by at most one order of magnitude while spatial resolution is held fixed,
due to the restriction in Eq. (7). Convergence of the residual slip is therefore evaluated with Dt and Dx both
changing such that mDt/Dx2 = 1. This convergence is demonstrated in Fig. 4, which depicts es,2 evaluated at
Vt/c = 0.0128, for both a 10:1 ellipse and a circular cylinder. For the elliptical body, the residual slip decays
like Dx1.5, but the decay rate is approximately Dx1.15 for the circular cross-section. The difference in these rates
is attributable to the residual slip at the edges of the ellipse, whose strong contribution to the L2 norm decays
more rapidly than on the rest of the body surface. First-order convergence is not surprising, in light of the
diffusion of surface vorticity to scattered particles in the vicinity. It is likely that this can be improved using,
e.g., tools developed for the immersed interface method [39]. Though it is not shown, it is important to men-
tion that the residual difference in normal velocity has very similar magnitude and follows similar trends in all
cases.
10-1

10-2

10-3

10-4

10-4 10-3 10-2

x

s,2

~ x1.5

~ x1.15

Fig. 4. Normalized L2 norm of residual slip versus particle spacing, evaluated at Vt/c = 0.0128, with mDt/Dx2 = 1 for each case. Body
aspect ratio 10: d; 1: s.
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4. Results and discussion

In this section, the utility of the present method is demonstrated on two problems involving arbitrary
motion of two-dimensional rigid bodies in a viscous fluid. The first, the flapping of a single elliptical wing,
is motivated by the study of hovering insect flight aerodynamics, by identifying the rigid shape with the trans-
verse section of an insect wing. The fluid forces obtained from VVPM simulations are compared with results
from two-dimensional simulations and three-dimensional experiments recently carried out by Wang, Birch
and Dickinson [28]. The second example is a viscous simulation of a three-linkage ‘fish’ moving in a trajectory
that was recently established in an inviscid analysis by Kanso et al. [29]. It should also be noted that the meth-
odology described in this paper has been validated on the benchmark problem of flow past an impulsively
started cylinder; the results of this validation problem, using similar forms of this methodology, have been
presented in previous work [23,25], and are omitted from this paper for brevity.

4.1. Flapping elliptical wing

In this set of simulations, a single elliptical wing of aspect ratio 10 undergoes a prescribed sinusoidal trans-
lational and rotational motion, described by
X ðtÞ ¼ 1

2
A0 cosð2pftÞ; Y ðtÞ ¼ 0; ð9Þ

aðtÞ ¼ a0 þ b sinð2pft þ UÞ: ð10Þ
The angle, a, is measured counterclockwise relative to the positive x axis. No mean flow is present in these
simulations, which are meant to represent insect hovering aerodynamics. The maximum translational velocity
of the wing centroid, Umax, is pA0f. For comparison with the simulations and experiments of Wang et al. [28],
the initial angle, a0, is p/2, and the rotational amplitude, b, is p/4, for all simulations. The translational ampli-
tude, A0, is 2.8c, where c is the chord length of the wing, and thus the maximum translational velocity of the
wing centroid, Umax, is 8.8c/T, where T is the flapping period. The frequency, f, is 0.25 Hz, and the Reynolds
number, based on Umax and c, is 75. As found in [28] and several prior investigations, the phase, U, of rotation
relative to translation—which specifies the timing of the ‘flip’ in the turnaround of the wing—is a critical
parameter in determining the magnitude of lift force developed by the flapping wing in hovering kinematics.
In the simulations presented in this work, two phases are used: in the first, the wing rotation leads the trans-
lation by U = p/4; in the second, with U = 0, the flip is synchronous with the turnaround.

The time step size used is UmaxDt/c = 7.33 · 10�3, the particle spacing is Dx/c = 0.01, and 300 surface pan-
els are distributed as described in Section 3. Remeshing is carried out every 6 time steps, and the particle trim-
ming threshold, �trim, is 3.5 · 10�4. With these choices of parameters, mDt/Dx2 = 0.95 and Dx/Dsmax = 0.95,
well within the stability margins discussed in Section 3. The particle Reynolds number remains below 1.6
throughout the simulations. The particle spacing exceeds the minimum radius of curvature by a factor of
two; decreasing the particle spacing to half the original value leads to no significant change in the results,
as evident in the vertical force over a half-period depicted in Fig. 5 for the case U = 0. Fig. 6 depicts the total
circulation in the extended vorticity field (i.e. in the fluid and within the body) for U = p/4, which should be
identically zero by Kelvin’s circulation theorem. The procedure used in this work leads to very good enforce-
ment of this constraint. The accuracy of the enforcement is determined by the error tolerance of the least-
squares solution procedure for the vortex sheet strength.

Fig. 7 depicts the vorticity field produced during the third and fourth cycles when the flip occurs prior to
turnaround, U = p/4. The extent of the stroke is illustrated in the first panel by a dashed line. At the initiation
of a new cycle, the wing is oriented with a large positive angle of attack with respect to its new direction of
motion (to the left). A large vortex of positive circulation adjacent to the lower side of the wing is immediately
absorbed into the boundary layer during the initial acceleration. A starting vortex is shed from the trailing
edge, while a leading edge vortex of clockwise sense is formed. This leading edge vortex remains attached
throughout the translation and is ‘recaptured’ by the wing during the subsequent rotation and deceleration.
Successive vortices shed from the trailing edge pair to form vortex dipoles that propagate obliquely down-
ward. The wake does not grow extensively below the stroke plane, as older vortices that have been weakened
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by viscous diffusion are entrained by newer ones. The large-scale velocity field induced by the flapping is
revealed by evaluating the Biot–Savart integral in a region of dimensions [30c, 30c]. The result at t/T = 3.5
is shown in Fig. 8, with the vorticity field included for reference. The vectors are given uniform length in this
figure to emphasize the sense of the field. The dipolar nature of the farfield velocity is clearly apparent in this
plot, exhibiting a downward jet whose mean momentum flux balances the mean upward force on the wing.

The lift and drag on the wing are defined, respectively, as the force components directed upward (Fy) and
opposite the direction of translation (�FxU/|U|). These components are depicted in Fig. 9 and compared with
the three-dimensional experimental and two-dimensional computational results of Wang et al. [28]. The geo-
metric differences are scaled out by normalizing the force components on each wing by the maximum steady
forces on the wing in fixed configuration. The resulting mean lift is 0.639 and the mean drag is 0.589 from the
VVPM simulations. The lift is in good agreement with the simulations of [28] over the first stroke, but the lift
from both simulations generally disagrees with the experimentally-measured value during these early stages. In
later strokes, the peak values of the lift from the VVPM match well with those from the experiments of [28],
though the character of the lift between peaks is quite different; the peaks of the simulations of [28] are gen-
erally smaller. The drag is in reasonable agreement for all techniques. It should also be noted that the three-
dimensional simulations of Gilmanov and Sotiropoulos [17], using their hybrid Cartesian/immersed-boundary
method, agreed well with similar experiments conducted previously by Birch and Dickinson [18].
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Fig. 7. Vorticity field at the labeled instants for phase p/4, with 40 contour levels distributed uniformly between �20 and 20.

Fig. 8. Vorticity field (color contours) and velocity direction field at t/T = 3.5 for phase p/4.
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The sensitivity to kinematics can be observed by comparing the results from this case with those for a phase
U = 0. The vorticity dynamics for this latter case, depicted in Fig. 10, are remarkably similar to the previous
case, exhibiting the same behavior of leading edge vortex recapture and trailing edge vortex shedding. How-
ever, the characters of the lift and drag, as shown in Fig. 11, differ significantly from those of the previous case.



Fig. 10. Vorticity field at the labeled instants for phase 0, with 40 contour levels distributed uniformly between�20 and 20.
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Fig. 9. Lift and drag coefficients, normalized by maximum quasi-steady values, for hovering mode with phase p/4, compared with results
of Wang, Birch and Dickinson (WBD) [28]. VVPM simulation: ––; WBD 2D simulation: –Æ–; WBD 3D experiment: ––.
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The agreement between the simulations is very good, and these results also match favorably with the exper-
iments. The mean lift is 0.515, somewhat smaller for these kinematics than the previous case. The peak value
of the drag is also smaller, but the mean drag is larger at 0.726, and the end of each half-cycle is characterized
by a larger negative drag component.
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Fig. 11. Lift and drag coefficients, normalized by maximum quasi-steady values, for hovering mode with phase 0. VVPM simulation: ––;
WBD 2D simulation: –Æ–; WBD 3D experiment: ––.
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The time-varying vorticity flux distribution elucidates the connection between vortex shedding and force
generation. Fig. 12(a) and (c) depicts the force contributions from the pressure and shear stress for U = p/4
and U = 0, respectively, over the same half-stroke; plots (b) and (d) show the corresponding vortex sheet
strength distributions at the four instants labeled in (a) and (c). Note that the force has been normalized with
the conventional qU 2

maxc=2 in these plots. In the distribution plots, / is the same parameterization used for
paneling, with / = 0 at the trailing edge, and proceeding in counterclockwise fashion around the wing. The
shear stress contribution is much smaller than that of the pressure, so attention is focused on this latter com-
ponent. The first maximum is labeled (1) and is plotted with a solid line in the distribution. This maximum
coincides with the generation of a starting vortex at the trailing edge, which is evident in a peak in c near
/ = 0. The maximum occurs later in the U = 0 case, and is here partly attributable to the formation of a lead-
ing edge vortex, manifested in the negative peak at / = p/2 in (d). The second maximum (3) is more substan-
tial in both cases, and is coincident with large negative fluxes at the leading edge. It occurs at nearly the same
instant in both cases, soon after the maximum translational velocity has been reached. The final force mini-
mum (4) occurs when the leading edge velocity is nearly zero and the flux into the leading edge vortex has
weakened substantially.

The computational time of the VVPM depends primarily on the rate of growth of the number of particles,
which is controlled by the trimming parameter, �trim. The effect of this parameter is exhibited in the two panels
in Fig. 13, which depict the instantaneous vorticity field (for U = p/4) and the boundary of particle coverage
for �trim = 3.5 · 10�4 and 3.5 · 10�3, respectively. In the former case, the particle boundary encloses a large
region containing low-level values of unplotted vorticity; this low-level vorticity has been discarded with
the larger trim threshold. Very little difference between the vorticity fields is discernible, except for slight var-
iation in the shapes of wake vortices. Fig. 14 shows that the force coefficients also match very closely, except
for small disagreement at t/T = 1 and t/T = 3. The particle population growth in Fig. 14 demonstrates the
clear importance of choosing �trim judiciously: an order of magnitude increase in this threshold leads to half
the number of particles, and therefore, half the computation time. These simulations have been performed on
a workstation with dual AMD Opteron 246 processors and 2 Gb of memory; the CPU time per time step ver-
sus the number of particles, plotted in Fig. 15, confirms the O(N) scaling.

4.2. Prescribed undulatory motion of a three-linkage fish

The final example of this work consists of a linked system of three identical elliptical bodies, each of length c

and aspect ratio 10. The motion of the rigid links are constrained by virtual hinges that are a fixed distance,
d = 0.2c, from the nearest centroid (see Fig. 16). The configuration of this system is completely described by
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the angle b that the central body makes with the positive x axis, the coordinates of the centroid of this body,
(X0,Y0), and the hinge angles, h1 and h2. The trajectory prescribed to this configuration, depicted in Fig. 17, is
the solution of the inviscid free swimming problem, recently carried out by Kanso et al. [29]. In this previous
analysis, the remaining system configuration was determined by solving the coupled dynamics of body and
fluid in response to the hinge inputs,
13. Comparison
h1 ¼ Xm cosðt � t0Þ; ð11Þ
h2 ¼ Xm cosðt � t0 � p=2Þ: ð12Þ
of vorticity fields (colored contours) and boundary of particle coverage (solid black curve), for �trim= 315·10�4(left) and �trim= 315·10�3(right), att/T= 215 for phasep/4.
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These inputs represent a lowest-order form of undulatory kinematics employed by, for example, anguilliform
fish. For Xm = 1 and t0 = p, these inputs cause the fish to travel in an inviscid medium at a mean angle of
approximately �20� to the x axis, at a mean forward speed, �Ut, of approximately 2.7c per period, or
0.43Xmc. The maximum speed of the leading edge of the fish during this motion is 1.58Xmc.

In the present viscous solution, the Reynolds number (based on the chord of a single body and the max-
imum angular velocity of each hinge, Re = Xmc2/m) is chosen to be 200. The particle spacing is Dx/c = 0.01,
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and the time step size is XmDt = 0.01. Each wing is composed of 280 panels, with sizes ranging between
0.0011c and 0.011c. Thus, mDt/Dx2 = 0.5 and NpDx/c = 2.8, ensuring a stable computation. The trim thresh-
old, �trim, is set to 2 · 10�3. The growth of the number of particles is depicted in Fig. 18; after four periods of
undulation, the number of particles is 2.1 · 105. During the course of the simulation, the particle Reynolds
number never exceeds a value of 2, and simulation with finer resolution and smaller trim threshold does
not lead to significant change in the results.

The vorticity field produced by this motion is depicted in the stacked frames of Fig. 19, with the overall
trajectory of the fish depicted in the last frame. The largest magnitudes are generated at the leading and trail-
ing edges of the bodies as they turn, and these edge vortices are shed into a relatively narrow boundary layer.
The wake is composed of alternating sign vortices shed from the trailing edge of the tail. The resultant force
exerted on the fish, shown in Fig. 20, is nearly periodic after a single cycle. The component in the direction
perpendicular to motion (counterclockwise from the direction of travel) is characterized by a large positive
peak followed by an equally large negative one, representing the reaction of the fluid to the lateral heaves
of the fish. The parallel force component (positive in the direction of motion) is also characterized by positive
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Fig. 18. Growth of number of particles for three-linkage fish.
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and negative peaks; the average component is �0:083X2
mc3, indicating a net drag. The mean drag coefficient,

defined with q �U 2
t c=2, is 0.90.

The streamfunction field shown at t/T = 4 in Fig. 21 is consistent with a net drag on the body. The dipole
pattern at large distances is reminiscent of that associated with a translating cylinder, rather than a self-loco-
motive system which would exhibit a rearward jet. The streamfunction field of the wake exhibits entrainment
of fluid, which is necessary to compensate for the momentum defect. In the free swimming solution, the fish
accelerates until the mean parallel force component is zero. In the present constrained motion, the fish is effec-
tively attached to external rods that are moved in a predefined way; when the mean resultant force exerted on
these rods is zero, then the system is in equilibrium and the prescribed motion approaches the free swimming
trajectory. In the present case, the prescribed forward motion is faster than the equilibrium speed at this Rey-
nolds number.
t/T = 3.2 t/T = 4.Fig. 19. Vorticity field produced by undulating three-linkage fish, with 40 contour levels uniformly distributed between �5 and 5.



Fig. 21. Streamfunction field att/T= 4. Plot on the right shows the field within the box depicted on the left.
5. Conclusions

In this work, the implementation of a vortex particle method for simulating two-dimensional rigid bodies
in a viscous fluid has been described, and its application to example problems has been presented. An
important aspect of the present implementation is the simplified particle treatment near the body. Particles
are initially arranged in a Cartesian mesh rather than conforming to the body surface, and the interpolation
during remeshing is carried out in a ‘body-ignorant’ fashion with symmetric kernels. Circulation that leaks
into the body during this interpolation is re-introduced to the flow by the subsequent vortex sheet diffusion,
so that Kelvin’s circulation theorem remains enforced. The vorticity flux corrects any spurious slip intro-
duced during this leak correction. Numerical studies have shown that the residual slip converges to zero
in the limit of vanishing particle spacing. These studies have also showed that the boundary treatment
imposes a lower bound on the viscous parameter, mDt/Dx2, in addition to its usual upper bound from
time-marching schemes.

The applications presented in this work have demonstrated the utility of this tool for simulating rigid body
motion in fluids, and the results of two-dimensional flapping wing simulations have agreed well with previous
numerical and experimental studies. The present method provides direct access to some quantities, such as the
vorticity flux at the body surface and the velocity field at large distances, that can provide new physical insight
in fluid–body interaction problems. The method has also recently been extended to problems with dynamic
coupling between the body and fluid, such as in self-propagation of the three-linkage swimmer considered
here, and this will be the subject of a future paper. Further development of the method, including improve-
ments in efficiency and extension to three-dimensional deforming bodies, is currently being pursued for sim-
ulating more realistic models of biolocomotion.
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Appendix A. Body surface discretization

In this appendix, the mathematical details of the surface panel discretization in the VVPM are described.
Each body surface is discretized by a set of linear panels, and a total of Np panels is used. Each panel has Ng

Gauss–Legendre quadrature points, with scaled positions nj2 [0,1] and associated weights wj. In the global
coordinate system, the position of the jth quadrature point on panel i is given by
xsðsijÞ ¼ xs;i þ
1

2
Dsisið2nj � 1Þ: ðA:1Þ
In this expression, Dsi is the panel length and xs,i is the position of the panel centroid; the panel tangent vector,
si, is in the direction of increasing s, counterclockwise about the body.

A.1. Particle position equations

The positions of the vortex particles are updated according to the Biot–Savart integral, with the surface
integral from body vorticity discretized by the panels and associated quadrature points:
dxp

dt
¼ U1 þ

X
q

V qxqðtÞr?Geðxp; xqÞ þ 2
XNp

k¼1

XNg

l¼1

XbðkÞskwlDskGðxp;xsðsklÞÞ: ðA:2Þ
Here, xq is the position, Vq the area and xq the vorticity strength of particle q. The smoothed Green’s function
of the negative Laplacian is denoted by Ge. Note that Xb(k) is equal to the angular velocity of the body to which
panel k is fixed.

A.2. Surface vortex sheet equation

Here we describe the procedure for solving the integral equation for the surface vortex sheet strength. The
discretized and averaged equation can be represented mathematically as
1

2
ci þ

XNg

j¼1

wj

XNp

k¼1

ckDsk

XNg

l¼1

oG
on
ðxsðsijÞ; xsðsklÞÞwl

¼ �si � ðubðxs;iÞ �U1Þ �
1

Li

X
m2Pi

XNg

j¼1

wjDsm

X
p

oG
on
ðxsðsijÞ; xpÞV pxp

þ 2
XNg

j¼1

wj

XNp

k¼1

XbðkÞni � nkDsk

XNg

l¼1

GðxsðsijÞ; xsðsklÞÞwl: ðA:3Þ
This expression has been evaluated at panel i, and ci is the sheet strength corresponding to this panel. The
triple summation on the left-hand side represents the evaluation of the vortex sheet integral. In this term,
the kernel represents the influence of the lth quadrature point of the kth panel on the jth quadrature point
on the ith panel; the net influence on the panel is averaged over the quadrature points. On the right-hand side,
the summation involving xp represents the influence of the (non-regularized) vortex particles on panel i. This
term involves an average over a set of panels Pi, centered at panel i, and with total length
Li ¼
X
m2Pi

Dsm: ðA:4Þ
The set Pi generally includes five panels: the panel i itself, and two panels on either side of i. The last term on
the right-hand side of Eq. (A.3) represents the effect of body vorticity, which in this case is rigid-body rotation,
and its influence on panel i is an average over the influences on the Ng quadrature points of panel i.

For elliptical bodies with the panel discretization (4), some numerical advantage can be gained by reformu-
lating the equations in terms of the panel circulation, ~Ci ¼ ciDsi. The Np relations (A.3) can be written as a
matrix system for the Np panel circulations, ~Ci (after multiplying each term by a factor of 2) as
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XNp

k¼1

~Aik
~Ck ¼ ~bi; i ¼ 1; . . . ;Np; ðA:5Þ
where
~Aik ¼ dik þ 2
XNg

j¼1

XNg

l¼1

oG
on
ðxsðsijÞ; xsðsklÞÞwjwlDsi ðA:6Þ
and
~bi ¼ � 2siDsi � ðubðxs;iÞ �U1Þ �
2Dsi
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m2Pi

XNg
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wjDsm

X
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oG
on
ðxsðsijÞ; xpÞV pxp

þ 4
XNg

j¼1

XNp
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XbðkÞni � nk

XN g

l¼1

GðxsðsijÞ; xsðsklÞÞwjwlDsiDsk: ðA:7Þ
A.3. Solution of linear system

The system of equations (A.5) is solved simultaneously with the constraint imposed on each of the Nb

bodies by Kelvin’s circulation theorem. The discretized version of Eq. (1) is
XNp

k¼1

AK
k

~Ck ¼ bK
j ; ðA:8Þ
where
AK
k ¼

1; k 2 PbðjÞ;
0; otherwise:

�
ðA:9Þ
PbðjÞ is the set of panels on the surface of body j, and bK
j is the corresponding constraint,
bK
j ¼ �2AjðXjðt þ DtÞ � XjðtÞÞ þ Clost;j: ðA:10Þ
Therefore, the complete system consists of Np + Nb equations for Np unknowns, which can be written as
XNp

k¼1

Aik
~Ck ¼ bi; i ¼ 1; . . . ;Np þ Nb; ðA:11Þ
where the first Np rows of Aik and bi are equal to the corresponding rows of ~Aik and ~bi, respectively, and the last
Nb rows are
AiþNp ;k ¼ kAK
ik; biþNp ¼ kbK

i ðA:12Þ
for i = 1, . . . ,Nb. The parameter k can be chosen to improve the conditioning of the overall system; however,
satisfactory results are obtained with unity. The overconstrained system (A.11) is solved in a least-squares
sense by iteratively solving the square system
ATA~C ¼ ATb; ðA:13Þ

using the GMRES algorithm [42] with a solution tolerance of 10�10.

A.4. Evaluation by fast multipole expansion

The influences of the vortex sheet, the body vorticity, and the fluid vorticity can each be accounted for in a
computationally efficient manner with the fast multipole method. This method accelerates the computation of
the potential field (and its derivatives) created by a distribution of singular sources of Laplace’s equation. In
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two-dimensional flow, one can write the velocity field at x resulting from a distribution of point vortices (with
strengths Cp and positions xp) and point sources (with strengths Qq and positions yq) as
uðxÞ ¼
X

p

r?Gðx� xpÞCp �
X

q

rGðx� yqÞQq: ðA:14Þ
The particle position equation (A.2) and the surface vortex sheet equation (A.3) are each given a fast mul-
tipole treatment. To prepare the terms in Eq. (A.3) for this treatment, the expression is slightly rewritten in
the form,
~Ci � 2si �
XNg

j¼1

wjDsi

XNp

k¼1

XNg
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r?GðxsðsijÞ; xsðsklÞÞð~CkwlÞ

¼ �2si � ubðxs;iÞ �U1 �
Dsi
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wjDsi

XN p

k¼1

XNg
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GðxsðsijÞ; xsðsklÞÞð2XbðkÞskDskwlÞ
)
: ðA:15Þ
The fluid vorticity term has its usual form, as a collection of point vortices. In both the vortex sheet
and the body vorticity terms, an effective potential strength has been identified and written in parentheses;
in the vortex sheet term, this strength is just the Gauss-weighted circulation of panel k, whereas in the
body vorticity term, the velocity components are essentially two potential fields created by a source distri-
bution with vector strengths. Thus, these surface strengths and their associated quadrature positions can be
sent to the multipole routine, in which the potentials (and derivatives of potentials) are evaluated at the
target set of surface quadrature points. The subsequent averaging is carried out on the values returned
by this routine.

In particular, the two matrix-vector products required for iteratively solving Eq. (A.13) can each be eval-
uated using this approach. The left-hand side of this equation is calculated out in two steps: first, the first Np

rows of the intermediate vector r ¼ A~C are computed by panel-to-panel multipole expansion (the final Nb

rows are simple summations). Then ATr is evaluated by another panel-to-panel multipole expansion. Note
that,
ATr ¼ ½~ATðAKÞT�r ¼ ~ATrð1Þ þ ðAKÞTrð2Þ; ðA:16Þ

where r(1) represents the first Np rows of r, and r(2) the final Nb rows. Similarly, ATb ¼ ~AT~bþ ðAKÞTbK . Then, the

matrix-vector product ~ATrð1Þ is given by
ð~ATrð1ÞÞi ¼ rð1Þi þ 2
XNg

j¼1

wj

XNp

k¼1

XNg

l¼1

r?G½xsðsijÞ; xsðsklÞ� � skr
ð1Þ
k Dskwl; ðA:17Þ
where we have used the fact that $^G(x,x 0) = �$^G(x 0,x). Now, it is easy to show that
sxr?G� syrG ¼ r?G � s
�rG � s

 !
: ðA:18Þ
Thus, the product $^G Æ s is equal to the first component of the vector sx$
^G � sy$G. This last expression

represents the velocity field associated with a potential vortex of strength sx and a coincident source of
strength sy, so Eq. (A.17) can be written as
ð~ATrð1ÞÞi ¼ rð1Þi þ 2
XNg

j¼1

wj

XNp

k¼1

XNg

l¼1

fsk;xr?G½xsðsijÞ; xsðsklÞ� � sk;yrG½xsðsijÞ; xsðsklÞ�gxr
ð1Þ
k Dsiwl: ðA:19Þ
This observation allows the use of the multipole routine to evaluate the product ~ATrð1Þ. A similar tech-
nique is used to evaluate ~AT~b. The remaining terms, (AK)Tr(2) and (AK)TbK, are straightforward to
evaluate.
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